Harmonic oscillators with a centrifugal spike are analysed, via a non-Hermitian regularization, within a complexified SUSY quantum mechanics. The formalism enables us to construct (factorize) the creation and annihilation operators. We show how the real (though, generically, non-equidistant) spectrum complies with the current SUSY-type isospectrality (degeneracy) in an unusual way. 
Introduction
Recently, Bender et al [1] attracted attention to a certain interesting feature of field theory. After a methodically motivated reduction of the space time to a point they imagined that the Feynman integrals (which degenerated to ordinary integrals) can in general be understood as defined along different complex trajectories. In its turn, the quantization recipe becomes non-unique. Such a type of ambiguity was unexpected and puts even the famous Dyson paradox [2] in a new, more natural perspective [3] .
A less drastic simplification using the one-dimensional space-time continuum leads, in the same manner, to a certain complexified version of quantum mechanics [4] . In such a slightly more realistic setting the ambiguity results from the indeterminate complex asymptotic boundary conditions [5] . Conventionally, their appropriate choice is made in the so called "PT symmetric" way [6] and, in the simplest version of the formalism, it just replaces the real axis of coordinates by a parallel line in the complex plane [7] .
Within this fresh methodical framework many traditional concepts of quantum mechanics have to be studied anew. One has to re-analyze all the exactly solvable models including the most elementary one-dimensional harmonic oscillator [8] and its three-dimensional central analogue [9] . In the next step, in an attempt to apply the PT symmetric formalism of the non-Hermitian quantum mechanics of more particles [10] , we were forced to return to the general spiked harmonic oscillator once more, this time with the emphasis on the increasing relevance of its creation and annihilation operator algebras. This provided a key motivation for our forthcoming constructive discussion.
Last but not least, the PT symmetric approach to the field theory opens also many new unresolved questions of the purely methodical interest. In this context, the Witten's supersymmetry in quantum mechanics [11] did also find its natural PT symmetrized new versions [12] . Rather surprisingly, an explicit demonstration of their applicability to the exactly solvable spiked harmonic oscillators is still missing and will in fact be a core of our present message.
Hermitian harmonic oscillators

Solutions in one and more dimensions
Let us start by reminding the reader that harmonic oscillators and their creation and annihilation operators play a key role in many applications of quantum mechanics [13] . Unfortunately, their one-and more-dimensional Schrödinger equations must be treated separately. In the former setting, the solutions of the linear harmonic oscillator bound state problem
with x ∈ (−∞, ∞) are expressible in terms of Hermite polynomials [14] . For the spherically symmetric harmonic oscillator well in more dimensions the radial counterpart of this equation contains an additional centrifugal term. Such a strong singularity splits the real line in the two non-communicating semi-axes. Once we opt for the positive radial coordinate r ∈ (0, ∞) in the radial equation
we can admit any real parameter α > 0. Even after such a generalization the model remains solvable in terms of Laguerre polynomials [15] ,
We introduced a new symbol β = α here since this formula determines not only the spherical bound states of eq. (2) but also all their linear oscillator predecessors in eq. (1). In the former, three-dimensional case an alternative denotation of α 2 −1/4 = ℓ(ℓ + 1) giving β = α and α − 1/2 = ℓ = 0, 1, . . . is usually preferred in textbooks.
In the latter, one-dimensional case the solutions K(x) are obtained when we fix α = 1/2 and admit both signs in β = ±α = ±1/2. The difference in signs is due to the different boundary conditions since in three dimensions, only the positive parameters β remain physically acceptable [16] .
In what follows, we shall try to implant a certain more satisfactory mathematical symmetry into the set of the harmonic oscillator wave functions. Indeed, we feel challenged by the enormous physical importance of both the Schrödinger equations (1) and (2) which, in a way, contrasts with their puzzling mathematical dissimilarity.
In this letter we shall advocate a re-unification based on a regularization of the supersymmetric technique.
Pairs of Hamiltonians as supersymmetric partners
Witten's Hermitian formalism of supersymmetric quantum mechanics [11] 
and the so called supercharges
These three operators generate a representation of the superalgebra sl(1/1) and satisfy the corresponding mixed anticommutation and commutation relations,
mimicking a supersymmetry between the bosonic and fermionic sectors of the Hilbert space [18] .
Before trying to apply the supersymetric formalism to our present spiked harmonic oscillators (2) with any α = 1, 2, . . ., let us recollect the well known formal features of the regular linear oscillator in one dimension at α = 1/2. Starting form the current definitions of its creation and annihilation operators,
we can employ our present notation and normalization and re-write their basic properties as the following four rules,
They are connected to the Witten's supersymmetric scheme in a way described in review [19] and summarized here in Table 1 . Table 1 . Supersymmetry and annihilation pattern in one dimension.
The 
isospectrality between H (L) and H (R) (which holds up to the missing zero-energy state to the right) is a characteristic feature of the unbroken supersymmetry. In the Table, the supersymmetric correspondence between H (L) = H (HO) −1 and
is accompanied by the arrows which indicate the effect of action of the annihilation operator a. Of course, the parallel creation action of a † would be obtained by the trivial reversal of the arrows.
In the Dirac's notation we can re-write
= |M where M = 2m + p with p = 0 or p = 1 at all the non-negative integers m = 0, 1, . . .. This is illustrated in the first column of Table 2 below. Its last column lists the unshifted linear oscillator energies E (HO) .
The second half of Table 2 compares these energies and wave functions with their partial-wave analogues. Besides a (trivial) change of the normalization (caused by the transition to the half-axis of coordinates) the Table underlines the absence of the quasi-odd states with β = −α in the three-dimensional spectrum. 
3 Regularized Hamiltonians of spiked oscillators
The complex shift of coordinates
We intend to suppress the relevance of the singularity of the spiked harmonic oscillator Hamiltonian H (α) . Our initial experience with such a type of problem stemms from the artificial extension of the domain D of the Hamiltonian in the two-body re-interpretation of eq. (2) in the Calogero model [20] . A specific continuation of the wave function with a definite parity is being used there,
. Such a prescription is, of course, non-analytic.
A key to our "completion" of Table 2 will be sought in another, PT symmetric recipe of ref. [9] where one avoids the singularity. Thistype of regularization was proposed in a slightly different context by Buslaev and Grecchi [6] . Its present implementation has been thoroughly discussed in ref. [9] . It is equivalent to a parallel imaginary shift of the real line of coordinates,
Its form preserves the so called PT symmetry PT · r(x) = r(−x) with the parity P and complex conjugation T · i = −i [4] . In the broader anharmonic oscillator context the appeal of the PT symmetry has been interpreted by Bender and Boettcher [8] as a substitute for the lost Hermiticity after complexification.
Within the PT symmetric version of quantum mechanics [21] the study of harmonic oscillator equation (2) inferred [9] that all the PT symmetric eigenstates of 
Non-Hermitian supersymmetry
Let us start from the regularized harmonic oscillator wave functions with zero subscript which give the two alternative auxiliary Witten's superpotentials [19] ,
Their use leads to a γ−numbered set of the partner harmonic oscillator Hamiltonian pairs,
After the appropriate insertions they may be given the common compact form
This implies the existence of the four series of the energies,
accompanied by the respective wave functions,
We may recollect Table 1 as a sample of these spectra at γ = −1/2. As expected, the zero-energy ground state (with E eq. (489) and Figure 12. 1 there]. The PT symmetry enables us to re-introduce the missing levels in a way displayed in Table 3 .
Our present type of regularization looks very natural in this comparison. We may notice the following few unusual features of our non-standard and innovative implementation of the PT supersymmetric pattern.
• The normalizable ground state exists for both H (L) and H (R) . In a fairly unusual way, it appears at a negative energy, E
(R)0 = −2, and at a negative superscript.
• The first excited state remains unmatched by any (R) −subscripted partner at Very similar conclusions can be drawn at γ = −3/2. We can only observe that the "unmatching" involves the ground state again. It is only separated by the (exceptional) double distance and possesses a negative superscript in Table 4 . Table 4 . Reversal of Table 3 with H (L) = H (3/2) + 1 and
What can we expect from moving to the larger semi-integers α = |γ|? Just a strengthening of the tendencies which were revealed in Tables 3 and 4 . Their features can be simply extrapolated. Thus, a γ = 3/2 modification of Table 3 will contain two more lines at its bottom. This may be found in the left half of Table 7 below. At the next positive γ = 5/2 the supersymmetry between
and H (R) = H (7/2) − 5 will induce a ground-state mapping L (−5/2) 0
appears at E (L/R) = −10, witnessing just a continuing downward shift of the levels with the negative and decreasing superscripts.
Creation and annihilation operators 4.1 Generalized supersymmetry
By direct computations we reveal that in the vicinity of any semi-integer parameter γ the superscripted operators
act on our (normalized, spiked and PT −symmetrized) harmonic oscillator states in a transparent way guided by the preceding examples,
The former two rules were sufficient to define the above-mentioned annihilation and creation at α = 1/2. The latter two lines have to be added in order to move us to α = 1/2. As operators which mediate the supersymmetric mapping they also import an explicit γ−dependence in c 3 and c 4 . Its definitely most embarrassing consequence is the singularity at γ =integer which reflects the simultaneous (unavoided) crossing of the energy levels [9] . We shall again skip these points as exceptional.
Superpositions of supersymmetries
In the next investigative step let us contemplate a superposition of the mappings listed in Tables 3 and 4 at half-integer γ. Its consequences are sampled in Table 5 . Table 5 . Tables 3 and 4 in superposition.
In the Hermitian limit ε → 0 this Table gives the explicit annihilation pattern for the s−wave spherical oscillator in Table 2 , after we drop a half of the PT symmetric solutions for the "external", physical reasons. The richer spectrum of Table 5 The similar superposition of Tables 3 and 4 can be also made in an opposite order. The γ = −3/2 PT supersymmetry between H (L) = H (3/2) + 1 and H (R) = H (1/2) + 3 would be followed by the γ = 1/2 correspondence between the doublet
The result is presented in Table 6 . Table 6 . Singular Hamiltonian
and the PT regularized pattern of annihilation.
As a net result we obtained the appropriate generalization of the annihilation and creation pattern for the p−wave column of Table 2 . We see that a nice and transparent structure emerges form all the similar PT supersymmetric assignments. One of their most interesting properties is the ambiguity of the annihilation as illustrated by the doublet of Tables 1 and 5 or, in a less confusing manner, by the comparison of Tables 6 and 7 . The same singular Hamiltonian
and an alternative annihilation pattern.
The latter Table displays We are near a climax of our present study. Having spotted the difference between the regular and singular supersymmetries with α = 1/2 and α = 1/2, respectively, we can also easily move to the non-integer values of 2α giving the non-equidistant spectra. Unless we reach the points of degeneracy α =integer, all our formulae remain applicable. The annihilation operators and their creation partners acquire the factorized, second-order differential form
At any α = 0, 1, 2, . . ., they enable us to move along the spectrum of any harmonic
We have achieved our final goal of a unified description of the spiked harmonic oscillators H (α) within the PT symetric framework.
• The general PT supersymmetric partnership has been shown mediated by the "shape-invariance" operators A (γ) and B (γ) .
• At any non-integer α > 0 the role of the general creation and annihilation operators for a given, single Hamiltonian H (α) has been shown played by their α−dependent and β−preserving products A † (α) and A(α), respectively.
Summary
The only case where, up to a constant shift, the PT supersymmetric partners coincide is given by the solution of the algebraic equation |γ| = |γ+1|. This solutions is unique (γ = −1/2) and corresponds to the case where the poles in A (γ) and B (γ) vanish. This is the only case tractable also without the use of the PT regularization. In this sense, the current creation and annihilation usage of the "exceptional" or "square root"
operators a † = B(−1/2)/ √ 2 and a = A(−1/2)/ √ 2, respectively, which changes β to −β (cf. our first Table 1 ) is misleading as not transferrable to γ = −1/2. n .
Let us notice that the change of variables r → y giving a simpler differentiation 2r∂ r → ∂ y reads r = exp 2y and would result in the so called Morse form of the Hamiltonian [19] . This could, in principle, indicate that the Morse potentials with
PT symmetry [22] would also deserve a further analysis.
A very exceptional role is played by the integer limits of α where the energies cross. In the language of linear algebra, the exceptional character of these points can be intuitively compared to the occurrence of Jordan blocks in non-Hermitian matrices [23] .
In contrast, no special attention must be paid to the limit of the vanishing spike (α → 1/2). In the generic case with α = 1/2, our PT regularization (ε = 0) can also be removed, if needed, via the limiting transition ε → 0 accompanied by the necessary halving of the axis of coordinates. This means that we have to replace r(x) = x − iε ∈ (−∞ = iε, ∞ − iε) by the radial and real r ∈ (0, ∞), and cross out all the states with β < 0. They are simply proclaimed "inacceptable" in the light of their conventional (though, in a way, deeply non-trivial [24] ) interpretation.
